
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ANOTHER PROOF OF THE THEOREM CONCERNING 
ARTIFICIAL SINGULARITIES 

By Maxime BdcHBR 

The theorem considered by Professor Curtiss in the preceeding note is so 
important that still another simple proof may not be out of place. The proof 
which I give is a simplification of the second proof given by Osgood in the 
Bulletin of the American Mathematical Society for June 1896, p. 301. 

Lemma. If f{z) is continuous throughout a region 8, and is analytic at 
every point of this region except at a point c which is not on the boundary of 
S, then f is analytic at c also. 

Consider a circle K with c as centre and lying wholly in 8. The integral 
of f{z) taken around any regular closed path in K is zero. To prove this we 
consider three cases : 

1) If this closed path does not surround or pass through c, f{z) is 
analytic everywhere upon and within the path. Hence the integral is zero. 

2) If the path surrounds c, the integral around it is equal to the inte- 
gral around an arbitrarily small circle having c as centre. Accordingly its 
absolute value cannot exceed 2irrM where r is the radius of this small circle 
and Mis the maximum of \f(z) \ on its circumference. But since as r ap- 
proaches zero, lim M = \f{c) | , we have lim ^TrrM = 0. Hence the value of 
our integral must be zero. 

3) If the path passes through c, the integral around it is equal to the in- 
tegral along an arbitrarily short arc of length I of this path having c as its 
middle point plus the integral along a path connecting the extremities of this 
arc and of length less than 2L Accordingly the absolute value of this integral 
cannot exceed ilM, where M is the maximum of \f{z) \ on the path just 
described. Since this vanishes with I, our integral is again zero. 
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Since f{z) is continuous throughout E and its integral around any 
regular closed path in Kis zero, it follows from Morera's theorem* that f{z) 
is anal3i:ic at c as well as elsewhere. 

Theorem. If f{z) is analytic throughout a region 8 except at a point 
c which is not on the boundary of 8, and if f{z) remains finite in the neighbor- 
hood of c, then f{z) approaches a finite limit as z approaches c, and if this 
limiting value be taken as the definition of f{c), then f is analytic at c. 

For the function (z — c)f{z) is by our lemma analytic at c if we define it 
as having the value zero there. Hence we may write 

(z - c)f{z) = ai{z - c) + a^^z _ c)* + • • •, 

and therefore, when z ^ c, 

f{z) = ai + a^{z — c) 4- • • •• 

Hence as z approaches c, lim f{z) = aj, and if we define /"(c) = aj, / is ana- 
lytic at c. 

Haevaed UuivKRsmr, 
CAMBSiDas, Mass. 

* Cf. Osgood, Funktionentheorie, vol. 1, p. 256. This theorem Is so easily proved and so 
useful that It may well be Introdaced at an early stage even In an elementary course on the 
theory of functions. 



